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Abstract. The MICZ-KepIer orbits are the non-colhding orbits of the MICZ Kepler 
problems (the magnetized versions of the Kepler problem). The oriented MICZ-Kepler 
orbits can be parametrized by the canonical angular momentum L and the Lenz vector 
A, with the parameter space consisting of the pairs of 3D vectors (A, L) with L ■ L > 
(L ■ A)^. The recent 4D perspective of the Kepler problem yields a new parametrization, 
with the parameter space consisting of the pairs of Minkowski vectors (a, I) with = — 1, 
a ■ I = 0, ao > 0. Here, ao is the temporal component of a. 

This new parametrization of orbits implies that the MICZ-Kepler orbits of different 
magnetic charges are related to each other by symmetries: SO+(l, 3) X R-|- acts transi- 
tively on both the set of oriented elliptic MICZ-Kepler orbits and the set of oriented para- 
bolic MICZ-Kepler orbits. This action extends to (1,3) X K4., the structure group for 
the rank-two Euclidean Jordan algebra whose underlying Lorentz space is the Minkowski 
space. 

1. Introduction 

The Kepler problem is a two-body dynamic problem with an attractive force obeying 
the inverse square law. Mathematically it can be reduced to the one-body dynamic problem 
with the Lagrangian 

^ = -r'-' + - 
2 r 



r 



where r is a function of t taking value in := R — {0}, r' is the velocity vector and 
is the length of r. We shall also refer to this later one-body dynamic problem as the Kepler 
problem. 

The (classical) MICZ Kepler problem with magnetic charge /i e R, a natural mathe- 
matical generaUzation of the Kepler problem, is the one-body dynamic problem with the 
Lagrangian |[ll 

2 r 2r^ 
where £/ is the magnetic potential such that B:=Vx.e/ = /i^. Then the equation of 
motion is 

>2 1 



(1.1) r" = -r'xB 



r3 



For each MICZ Kepler problem, our main concern here is its orbits. Here, an orbit is 
just the trace of a solution to equation ( 11.11 ). Actually we are only interested in the MICZ- 
Kepler orbits, i.e., the non-colliding orbits. More precisely, we are only interested in the 
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oriented MICZ-Kepler orbits — the non-colliding solutions to equation jl.ll) module the 
time translation. 

The main purpose of this note is to add the following new piece of knowledge about 
the MICZ-Kepler orbits: S0^(l,3) x R+ acts transitively on both the set of oriented 
elliptic MICZ-Kepler orbits and the set of oriented parabolic MICZ-Kepler orbits. Here 
S0^(1, 3) is the identity component of S0(1, 3) and M+ be the multiplicative group of 
positive real numbers. This action actually extends to 0+(l,3) x R+. Here, 0+(l,3) 
is the maximal subgroup of 0(1,3) which leaves the future light cone invariant. The 
significance of this new piece of knowledge is that, elliptic (or parabolic) MICZ Kepler 
orbits of various magnetic charges are related by symmetries. 

In section|2l we present the old parametrization for the oriented MICZ-Kepler orbits. In 
the process, a new formulation for the oriented MICZ-Kepler orbits is introduced. This new 
formulation, originated from the recent Jordan algebra approach ||2l to the Kepler problem, 
naturally leads to a new parametrization for the oriented MICZ-Kepler orbits. The afore- 
mentioned new piece of knowledge about the MICZ-Kepler orbits, stated as Theorem|2]in 
section[3] becomes self-evident from this new parametrization. 

Before we get into the details in the next two sections, let us fix our notations and 
conventions for the 3D space and the Minkowski space. 

By the 3D space we mean together with the usual dot product. By convention, an 
element in this space is written by a Latin letter in bold. For a e K."^, we write a = 
(ai, 02, as) if we wish to write out its components explicitly. In the explicit form, the dot 
product of a with b is 

a • b = aibi + 0262 + 0363. 

As usual, we shall write the length of a as a. With this in mind, the old parametrization 
space for the oriented MICZ-Kepler orbits is 

^ = {(A, L) e X I ^2 ^ . j^Y). 

The Minkowski space is (R*, •) where • is the Lorentz dot product. By convention, an 
element in this space is written by a small Latin letter, and we write a = (oq, oi, 02, 03) 
if we wish to write out the components of a explicitly. We also write a = (ao, a). In the 
explicit form, the Lorentz dot product of a with b is 

a ■ b ^ agbo — a • b. 

As usual, we shall write a a as for simplicity. Here is a word of warning: a either denote 
a 4-vector or the length of the 3-vector a. One should have no problem to determine which 
is which according to the context. With this in mind, the new parametrization space for the 
oriented MICZ-Kepler orbits is 

M {{a,l) eR* xM'^ \ a-l = 0,1"^ = -l,ao> 0}. 

The two parametrization spaces are smoothly equivalent: 

M ^ ^ 
{a J) ^ { — , ' 



While the action of 0+(l, 3) x M_|_ on (a, /) is linear and apparent: 

(A, A) • (a,0 ^ (A- Aa,A/), 
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the corresponding action on (A, L) is nonlinear, that is probably why this action has not 
been discovered up until now. Since the positive sign of oq is kept under the group action 
if and only if either > (elliptic orbits) or = (parabolic orbits), there is no similar 
action on the oriented hyperbolic orbits (a^ < 0). 

2. The old parametrization of orbits 
The orbits are very easy to find. To start, we observe that 

(2.1) L = rxr' + ^-, A = L x r' + - 

r r 

are constants of motion and 

(2.2) L-A = n. 

Here, L is called the (canonical) angular momentum and A is called the Lenz vector To 
get an orbit, all we need to do is to take the dot product of r with L and A to produce 
equations 

(2.3) r-A-r = i2_^2^ L ■ r = fir. 

Here L is the length of L. Note that, — = |r x r'p > and the equality holds if and 
only if the orbit is a colliding orbit. Since we are only interested in the non-colliding orbits, 
from now on we always assume that > In this case, since r' vanishes at nowhere, 
r{t) is defined for t E M. and the orbit must be the entire curve defined in Eq. (I2.3l l. 

Since a solution to equation ( II. lb depends on six independent constants: the initial 
position and initial velocity, an orbit depends on five independent constants. Therefore, 
one expects that an orbit in a MlCZ-Kepler problem with magnetic charge fj, is uniquely 
determined by the five independent constants L and A. Indeed, that is true provided that 
we stick to oriented MlCZ-Kepler orbits, a major fact we shall establish in the theorem 
below. 

To state this theorem, we let ^ be the set of oriented MlCZ-Kepler orbits, ^ be the 
subspace of consisting of pairs (A, L) of vectors in M.^ such that > (L • A)^, i.e, 

(2.4) {(A,L) eM.^ xR3 I i2 > (L-Af). 

Note that, for (A, L) G L 7^ (L • A)A, otherwise, L • L = (L • A)^, a contradiction. 

The knowledge about the MICZ Kepler orbits up until now can be summarized in the 
following theorem, cf . Ref . JT] . 

Theorem 1. The following statements are true. 

(1) For each (A, L) G the curve defined in Eq. dZiJ with ji = 1^ ■ A is a conic with 
eccentricity 

(2.5) 

Moreover, 

and the conic is oriented by Jj — fiA in the sense that L — fiA is a positive multiple of the 
binormal vector of the oriented curve. 

(2) The assignment of an oriented conic to each (A, L) € ^ in part (1) is one-to-one. 
So an oriented MlCZ-Kepler orbit is uniquely determined by its angular momentum and 
Lenz vector 



|L X A| 
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(3) Every conic in part (1) is a MICZ-Kepler orbit. So there is an one-to-one correspon- 
dence 

(2.7) : ^ e 

via equation ( I2.5I ). 

(4) For the oriented MICZ-Kepler orbit with angular momentum L and Lenz vector A, 
we have the energy formula 

^'■'^ ^ = -2(1^ 

where = L • A. 

(5) The MICZ-Kepler orbit is respectively an ellipse, parabola and hyperbola if E is 
respectively negative, zero and positive. 

The correspondence in part (3) gives the old parametrization for the oriented MICZ- 
Kepler orbits from which we know that the moduH space of all oriented MICZ-Kepler 
orbits naturally becomes a smooth 6-manifold. Although this theorem is essentially known 
to the authors in Ref. ([T], for completeness, we give a proof here. 

Proof. Throughout this proof we shall work under the assumption that /i 7^ . The result 
for /i = is then obtained by taking the limit n ^ 0. With this in mind, the curve described 
in Eq. (I2.3l l can be recast as 

(2.9) (L-^A)-r = ^(L2-/i2), L ■ r = fir. 

Let L = L - uA and write - = + A. Note that L 7^ 0, otherwise, = L • L = 

— fi^, a contradiction. Therefore, the curve can be described by equations 

(t2 _ „2\2 

(2.10) l-r = fi{L^-n^), r-A-r-^ 

supplemented by the condition L • A = 0. It is clear that the curve is a conic with eccen- 
tricity 



lAI 



(L-L)2 /l2Z2_(l.L)2 |LxL| |LxA| 



Ai2L2 V n^L^ \fi\L |L-mA| 



So 



1 - = 1 - ^ + ^-^^^ = ^^^(l2 - ^2 _ ^ _ A'). 



^_L2 (L.L)2 _i2_^^2^^^ ^ r-2,_L'-l^' 

This is part (1). 

To prove part (2), we make a small digression first. Observe that the projection of the 
Minkowski space onto defines a diffeomorphism from the future light cone {{xq, r) | 
.Tq — r2 = 0, .To > 0} onto M.^. Therefore, each oriented curve in can be lifted to a 
unique oriented curve on the future light cone. In fact, the oriented curve defined by Eq. 
(12.3b is lifted to the intersection of the future light cone with the oriented plane defined by 
the following equations 

(2.11) a-x = l, l-x = 0. 
Here, x = {xq, r), 

(2.12) ^-I^d'A), l = -^^i,,L), 
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and • is the Lorentz product, and the orientation of the plane is r 




that a ■ I ~ 0, I ■ I = —1 and uq > 0. With this digression in mind, all we need to do is 
to show that the assignment of the oriented plane defined by Eq. ( I2.11l i is one-to-one. But 
this can be verified as follows. 

Suppose that (A, L) and (A, L) define the same oriented plane, then a A / and a A I 
must be a positive multiple of each other. So a = xia + yil and I = X2a + for 
some real numbers xi, yi, X2 and j/2- Then 1 ~ a ■ x = xia ■ x + yil ■ x = xi and 
^ l-x ~ X2a-x + y2l-x ~ X2. So I = y2l and d ~ a + yil. Then —1 ^ P ~ y'^l'^ = — 
and = / • a = —yiy2, so yi = and ?/2 = 1 or —1, i.e., a = a and I = I or —I. Since 
a A I and d A I must be a positive multiple of each other, we have I = I. This finishes the 
proof of part (2) because (a, I) and (A, L) determine each other 

To prove part (3), for each (A, L) e we need to specify initial data q, v such that 

(2.13) L = qxv + /i-, A = Lxv + - 



where /i = L • A. To find such initial data, we fix a 2D vector subspace of M"^ that contains 
both L and A, then we choose a unit vector n on this subspace such that fi ~ h ■ n and 
|A — n| is largest possible. Such an n is unique unless L x A = 0. In any case, A 7^ n. 
Now if we choose 



Note that q 7^ 0, otherwise, = ji^, contradiction. One can easily see that n x q = 0, 
so q = ±qn, in fact, q = qn. To see that, we note that u^n • q = v • (L x n), so 



(2.14) v=— (A-n)xL, 

then V ^ and is orthogonal to the subspace. Next we chose 

V X (L — /in) 



v^L^n ■ q 



((A - n) X L) • (L X n) = ((A - n) X L) X L) • n 
A-n) 



(2.15) 



or 



(2.16) w^n-q = l-A-n=l--^ + Wl- 




One can verify easily that this choice of initial data works: 



L X V + - = X ((A - n) X L) + n = (A 



n) + n = A. 




Up to a positive multiple, *4 (a A I) = *a (L — ^tA) + eo A *3 (A A L), so, once pulled back to the orbit 
plane on M.^, it becomes *3(L — /^A) which represents the orientation of the orbit plane on M.^. Here, *4 (*3 
reps.) is the Hodge star operator of R** (R.^ resp.). 
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r2, ,2 2. 2/(1" X I"') ,2s , V 



So 



s = -- 



2(L2 ^/i2)" 

Part (5) is a direct consequence of part (1) and part (4). □ 

From part (1) of this theorem, it is easy to see that the orbit is a circle if and only if 
L X A = 0. 

3. The new parametrization of orbits 

We wish to give a description for the set of the oriented MICZ orbits from the Minkowski 
space perspective. To do that, we let 

(3.1) M = {(a,/) e X K'' I ^2 = -i,a- / = 0,ao > O} . 

One can see that the map 

M ^ 

^'■'^ M ^ (^a,^l). 

is an one-to-one correspondence. In fact, the inverse map sends (A, L) to 



^ :(1,A),^==4===(L-A,L) 



In view of part (3) of Theorem[Tl we have an one-to-one correspondence 

(3.3) ip: 

And this is the new parametrization for the oriented MICZ-Kepler orbits. Note that, the 
investigation in the previous section says that, for (a, I) e A^, f{a^ I) is the intersection of 
the future light cone with the plane 

(3.4) aox = l, lox = 
oriented by a A Z. 

Theorem 2. Let ( reps.) be the the set of oriented elliptic (parabolic reps.) MICZ- 
Kepler orbits, M+ = {(a, ^ M \ > Q}, and Mq = {{a, I) e M \ ^ 0}. 

(1) For the oriented MICZ-Kepler orbit parametrizedby {a,l) € A4, we have the energy 
formula 

(3.5) E = -T^- 

(2) ^{M + ) = ^{Mo) = ^0- 

(3) The action o/SO+(l,3) x M+ on Mq defined by (A, A) • (aj) = (A • (Aa),Al) 
is transitive. So SO"'' (1, 3) x acts transitively on the set of oriented parabolic MICZ- 
Kepler orbits. 
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(4) The action o/SO+(l, 3) x M+ on M+ defined by (A, A) • (a, I) = {X ■ Aa, Al) is 
transitive. So S0^(1, 3) x R_|_ acts transitively on the set of oriented elliptic MICZ-Kepler 
orbits. 

(5) The action in parts (3) and (4) extends to 0^(1, 3) x R+. 

Proof. Parts (l)and (2) are trivial consequences of Theorem [T] For the remaining parts, 
we first observe that the action of S0+ (1, 3) on x defined by A • (a, I) = (Aa, Al) 
preserves P,a-l, a?, and the sign of oq when and only when > 0. Therefore, this action 
leaves invariant both Mq and A4+. 

To prove that the action of S0^(1, 3) x on A4o is transitive, pick any (a, /) G AAq. 
After a Lorentz boost along the direction of 1 followed by a space rotation, we may assume 
that I = (0, 1,0,0) and a = ao(l,0, 1,0) with ag > 0. After a scaling or a Lorentz 
boost along (0, 0, 1,0), a can be further turned into (1, 0, 1, 0). Therefore, the action of 
S0"'"(1, 3) X IR+ on Mo is transitive. 

To prove that the action of S0^(1, 3) x on is transitive, pick any {a, I) e + . 
Since > 0, after a Lorentz boost, we may assume that a = (ao, 0) with ao > and 
I ~ (0, 1) with 1 • 1 = 1. After a scaling and a space rotation, we can turn a into (1,0), / 
into (0, 1, 0, 0). Therefore, the action of S0^(1, 3) x M_|_ on Mq is transitive. 

Part (5) is obvious because 0(3) acts on A^. □ 

In the parabolic case, the subgroup group S0^(l,3) already acts transitively. In the 
elliptic case, modulo a Lorentz transformation, (a, /) can be assumed to be of this form: 
a ~ (ao, 0, 0, 0) and I ~ (0, 1, 0, 0), i.e., A ~ 0, L = so that the magnetic charge is 
zero and the orbit is a circle. In the hyperbohc case, we can still get a transitive action if we 
add the oriented "hyperbolic orbit companions" and their certain limits to the set of oriented 
parabolic orbits. Here, by a hyperbolic orbit companion we mean the hyperbolic branch 
that has the longest distance from 0, i.e., the focus where the center of mass is located. 
In terms of the 4D language, parabolic orbits correspond to ao > 0, their companions 
correspond to ao < 0, and the limits correspond to ao — 0. 

The Jordan algebra approach to the Kepler problem requires a second temporal dimen- 
sion, and the Lorentz transformations in this note refer to the one that mixes space with this 
second temporal dimension. While the Minkowski 4-vector (1, A), the Lenz vector in the 
Jordan algebra approach to the Kepler problem, can be time-like, light-like and space-like, 
the Minkowski 4-vector (/i,L) is always space-like, so the magnetic charge ji is relative 
and becomes zero in a certain "inertial" frame. Is this second temporal dimension more 
than just a mathematical artifact? We wish to know the answer to this question. 
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